Both the pattern and the level of HIV/AIDS spread in a community are very complex and highly varied: both within a country and among countries. To understand the mechanism of the disease spread, as well as to predict the cases more accurately in future, a method accommodating many factors is very essential. In this study we develop various stochastic models involving heterogeneities of each region and mobility of individuals among regions. By applying a suitable scaling technique, we show that the developed stochastic models are well approximated by their corresponding deterministic counterparts. With the deterministic analogues we evaluate numerically the effect of mobility, infection rates and the effectiveness of control strategies in determining the future dynamics of the disease. The model was applied to HIV cases in Indonesia and the numerical results show that the model is effective for describing HIV cases nationwide.
Introduction
UNAIDS and most countries in the world have applied mathematical models for almost two decades when estimating HIV cases. Although many mathematical models have been developed, see [7] for a review, most of the models still have limited applications as many determining factors have been ignored; for example, age structure, individual mobility, modes of transmission, and some control strategies. Although new HIV infections in the world have decreased by 33% since 2001, the total number of cases was still high by the end of 2011, around 34 million [12] . The disease still remains a serious health problem for most countries in the world, even developed countries, since at least up to now no vaccines are available to cure the disease. Antiretroviral Therapy is so far only able to slow down the further development of the virus in vivo (vitro). Data shows that the incident rates of the disease among countries, in particular for adults (age 15-49), vary greatly. For instance, the incident rates in countries such as Central Africa and Thailand decreased for the period of 1990-2011, but in other countries like Bangladesh, the Philippines and Indonesia, the rates increased [12] . The number of new HIV infected people within the country showed a great variation among provinces. For example, in Indonesia the new cases in 2011 were 5,186 (DKI Jakarta), 2,731 (West Java), and 2,499 (Papua), whereas the numbers were even less than 100 cases in other provinces; 86 (Jambi), 55 (Bengkulu), 93 (Lampung), and the least one, 6 (Gorontalo and South East Sulawesi). The rate of new HIV infections also varied greatly among the provinces. The cases among age groups in Indonesia were also not uniform by age [4, 5] . As the dynamics of the disease spread at the level of provinces, or even districts, are not uniform, such heterogeneity cannot be ignored and should be involved in the estimation of the cases on the national level.
The use of mathematical modelling when estimating HIV/AIDS cases either within a country or in the world has been recommended by UNAIDS/WHO [11] . Although many mathematical models of HIV/AIDS spread have been introduced in many studies, e.g., [6, 7] , it is still essential to continuously develop the model as many factors such as individual mobility have been ignored. In 2008, the Indonesian government applied a mathematical model to make a projection of HIV/AIDS cases at a national (macro) level for the period of 2008-2014 [5] . However, this model has ignored the heterogeneity among the provinces as well as the mobility of individuals. As many people are now traveling considerable distances, mobility has become a major factor in the spread of infectious diseases from one region to others, including HIV/AIDS. A simple mathematical model of HIV/AIDS spread involving mobility has been introduced; see for example [3, 9] . However, this model needs to be extended because only an adult population with a sexual transmission mode was considered.
In this current study, the whole age structure of population and transmission modes are considered. As controlling the spread of a disease is one of the important issues in a health program, for example; condom use, circumcision for males, and control tracing. Mathematical models of HIV/AIDS spread with control strategies have been introduced in [6, 10] . In this study, some control strategies are also introduced and applied to HIV/AIDS cases in Indonesia.
The Model
Various stochastic models of multi populations considering several factors such as, heterogeneity within a population, individual mobility among populations, and several modes of HIV transmission, are introduced in this section. Stochastic models are formulated as a Continuous Time Markov (CTMC) Process [1] .
The Model with Population Heterogeneity and Mobility
As a community becomes highly heterogeneous, one needs to partition it into several homogeneous groups. For example, the population at a national level is divided into several regions (or sub-populations) such as province levels or even district levels. Furthermore, individuals in each region are grouped based on an age structure, gender, and the level of risk. The main purpose of this classification is to have a homogeneous group of individuals. In this study, we classify individuals based on age structure (0-15; 15-49; >49), risk level (low, middle, high) and Sex (female and male).
To formulate a mathematical model, a number of assumptions based on some previous studies are defined as follows.  Babies are born proportional to the number of mothers (age 15 − 49 years) at rate with ratio and 1 − for female and male, respectively.  Newborns from a healthy (susceptible) mother are assumed to be healthy, but those born from an infected mother will become infected with the probability .  Once an individual reaches age 15 years, they move to the second age group at rate 12 . A person who survives to age 50 moves the last age group at rate 23 .  Babies or children in the first age group may possibly become infected via, for example, immunization or infected blood transfusion at rate . However, we ignore these modes as these rates are still very small compared to the rates via other transmission modes such as sexual transmission. 
In the second (adult) group, a susceptible female can become infected from an infected male (vice versa) via sexual contact.  Individuals are allowed to move from one region to others at rate , i.e., the rate from region to region .When a person travels to another region, the individual will be considered to belong to the same group as in his/her original region. denote the state of the CTMC where the superscript (i.e., = 1, … , ) indicates the Region r. Suppose that the system is on a state at time . Then, in a time interval Δ the system will move to state + with the element of {0,1} 24 ( ∈ ℝ 24 ). For a small Δ , it is assumed that only one of the following (60 + 24 ) possible events will occur. The transition rate , + is defined such as follows 
Note that all variables and parameters are non-negative and ∈ 24 is a unit vector with the element 1 at k-th term.
Density Dependence
To study the dynamic behaviour of a stochastic model, the method developed by [8] , i.e., the deterministic approximation, is employed. The proof is given in [8] .
This theorem implies that the process ( ( )) can be approximated to first order by a deterministic process, for large . If the density process ( ( )) is initially close to 0 , it will tend to stay close to the trajectory ( ( , 0 ), ≤ ) in some appropriate time-interval, subject to small random oscillations about the path. The study for the metapopulation cases can be found in [2] .
Model Formulation
Suppose a CTMC process describing HIV spread is as follows Then, the deterministic analogue of the process (1) which consist of 24 equations ( ∈ the number of regions and = 1,2,3) is given as follows 
By adding the term ( + ) for = 2,4; = 1,2,3, as in [6] , the mathematical model with controls is formulated as follows 
with (random screening), (the success rate of contact tracing), and (the transition rates from risk to ). As , = 1,2,3, then 1,0 = 0,1 = 3,4 = 4,3 are set to be zero.
Numerical Result and Discussion
To show the accuracy of deterministic model in predicting the trajectories of the stochastic realization, various numerical experiments are performed. For the illustration of the models, we chose three regions ( = 3). The mortality rates were classified into three different values; μ 1 = Initially, all susceptible groups were set equally to 50,000 people with no infected individuals in Regions 2 and 3. In Region 1,there were initially 100 infectives set to each group of females and males (ages15 − 49) for all risk groups. The mobility rates among regions were 11 = 22 = 33 = 0 and = 0.01; ≠ . When both stochastic and deterministic models were solved numerically, the result is depicted in Figure 1 . Figure 1 . Realization of stochastic model along with the trajectories of its deterministic analogue describing infected females in 3 regions (R = 3) for three level of risks (low, middle, and high) Figure 1 shows that the trajectories of the deterministic counterpart derived by using a proper scaling technique are very close to the paths of stochastic realization. This justifies the use of the deterministic model to study the behaviour of the stochastic process.
To evaluate the effect of mobility on the spread of HIV among regions, the model without control was solved numerically for two different values of mobility rates (from Region 1 to Region 3); i.e., 13 = 0.001 and 13 = 0.01. Other mobility rates are set to be zero. We assume that the disease initially occurs only in Region 1 in Age Group 2 which is a high risk group; i.e., 23 (1) = 23 (1) = 100, and other infected compartments were set to be zero. All susceptible compartments were initially set to 50,000 individuals. Other model parameters had the same values as those in the previous simulation. Figure 2 . The number of infected females in Region 3,where initially no "infectives", for two different mobility rates; 13 = 0.001 and 13 = 0.01. Dashed, dotted, and bold lines represent high, middle, and low risk groups, respectively Figure 2 indicates that the presence of mobility among regions results in the spread of HIV/AIDS cases into Region 3, a region initially free-disease. By increasing the mobility rates at ten folds (from 13 = 0.001 to 13 = 0.01), the number of infected people for high risk group in that region increases about eight fold after 10 years.
To evaluate the effect of infection rate, the infection rates were assumed higher in the high risk groups than other risk groups. Three different values of disease transmission rate were chosen for Region 3 at high risk group; i.e., 3 Initial population sizes and model parameters were set as in the previous numerical simulation. The dynamics of HIV cases is shown in Figure 3 . When individual mobility among regions is present, Region 3, which was initially freedisease, becomes infected, as depicted in Figure 4 . For the infection rate 3 (1) = 0.1 and 3 (1) = 0.15, the number of infected people in high risk group tends to decrease in the long run. However, as the infection rate increases at 3 (1) = 0.2, the number of cases goes up exponentially more than ten-fold increase. This indicates that there is a threshold value for the infection rates: below the threshold the disease dies out and above the threshold the disease rapidly spreads in all regions.
To assess the effect of random screening on the dynamics of HIV, three different values of Random Screening (RS) rate; i.e., no , = 0.001 (0.1 percent), and = 0.01 (1 percent), but no Tracing Control (TC) were chosen. The results are depicted in Figure 6 . The result shows that by increasing the success rate of random screening from 0% to 0.1%, the number of cases decreases at about 1.1 times after 100 years in both regions. However, if the success rate is increased ten-fold (from 0.1% to 1%), the cases will decline at about 2.5 times after the period of 100 years. The effectiveness of contact tracing strategy was studied by fixing the success rate of random screening at = 0.001 (0.1%) and three different values of contact tracing rates were chosen; i.e., = 0.01; 0.1; 1. Figure 5 shows the dynamic behaviour of HIV over the period of 100 years.
To predict HIV cases in Indonesia, data from [12] for the period of seven years, 2006-2012 were used. The growth rate of the Indonesian population is assumed at 2.2% per capita and as the data of mobility rates among 33 provinces were not available, they all were assumed the same, = 0.01.
(a) (b) Figure 5 . Numerical simulation for = 3. Infected females in Region 3 for the control scenarios; random screening 0.001 followed by contact tracing 0.01; 0.1; 1
As shown in Figure 6 , the developed model in general can describe the dynamic behaviour of HIV cases among provinces in Indonesia. The model without control predicts that provinces such as DKI Jakarta will be highly infected with HIV cases in 2014, almost 8000 cases. The result also shows that HIV cases in Bali in 2014 will increase to 2500 cases, almost two times those from the year 2013. Suppose that the government has applied control strategies; random screening and contact tracing. For the simulation purposes, we assume that = 0.001 with = 0.01. Other values of model parameters and initial populations are kept the same as those in the simulation for Figure 7 . The results for HIV cases in Indonesia by using the model with control strategies as depicted in Figure 8 show that the effectiveness of the control strategy is about 7% decrease (about a decrease of 500 cases). 
Conclusion and Future Research
In this study, we have introduced stochastic models, with and without a control strategy; which describes the dynamics of the HIV/AIDS disease in a multi population involving mobility. We derived the deterministic analogues of the stochastic models and used the deterministic analogues to study the dynamics of HIV cases with several scenarios. We applied the models to HIV cases in Indonesia and evaluate the effect of several scenarios such as the infection rates and control strategies numerically on the dynamics of HIV among regions. The result shows that the introduced models can be used to describe the complex system in the HIV spread such as the case in Indonesia. In future, it is important to include more modes of transmission such as MTCT (Mother to Child Transmission), IDU (Injecting Drug User), etc.
